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ABSTRACT: A new example of AdS/CFT duality relating ITA string theory on AdS, x CP3
to N’ = 6 superconformal Chern-Simons theory has recently been provided by ABJM. By
now a number of papers have considered particular giant magnon classical string solutions
in the CP? background, corresponding to excitations in the spin chain picture of the dual
field theory. In this paper we apply the CP? = SU(4)/S(U(3)xU(1)) dressing method to the
problem of constructing general classical string solutions describing various configurations
of giant magnons. As a particular application we present a new giant magnon solution
on CP3. Interestingly the dressed solution carries only a single SO(6) charge, in contrast
with the dyonic magnons found in previous applications of the dressing method.
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1 Introduction

Motivated by the work of Bagger, Lambert and Gustavsson [1] on maximally superconfor-
mal field theories in three dimensions, Aharony, Bergman, Jafferis, and Maldacena (ABJM)
constructed [2] an N/ = 6 superconformal Chern-Simons theory with U(N) x U(N) gauge
symmetry at levels (k, —k) that is believed to be dual to M-theory on AdS, x S7/Z;, (see
also [3]). ABJM further considered the N,k — oo limit keeping the 't Hooft coupling
A = N/k fixed and conjectured that in this limit the N' = 6 field theory is dual to type ITA
string theory on AdS,; x CP3.

Given the important role that integrability has played in exploring the structure of
N = 4 Yang-Mills theory and its dual, it is natural that this new example of AdS/CFT
provides an arena for further studying aspects of integrability in gauge/string duality. The
worldsheet theory for ITA strings on AdS; x CP? has been constructed and its possible
integrability explored in [4], while on the Chern-Simons side the anomalous dimensions of
local operators are apparently encoded in integrable spin chain Hamiltonian [5]. An exact
magnon S-matrix for this spin chain has been proposed in [6], numerous tests of these
proposals have been carried out in [7], and aspects of Wilson loops have been studied in [8].

Hofman and Maldacena [9] identified the string theory dual of an elementary magnon
in the spin chain description of N' = 4 Yang-Mills theory as a particular classical open
string configuration on an R x S? subset of AdSs x S°, called the giant magnon. The
study of giant magnons and their BPS bound states [10] has provided a wealth of detailed
information about AdS/CFT. Naturally therefore a number of papers [11-14] have explored
in detail the properties of various giant magnon solutions relevant to the ABJM incarnation
of AdS4/CFT3

The dressing method of Zakharov and Mikhailov [15] provides an algorithm to directly
construct solutions of classically integrable equations. This method has proven useful for
the construction of various giant magnon solutions, including magnons on spheres [16-18]
and on anti-de Sitter space [19]. An explicit solution describing the scattering of N giant
magnons on R x S was also presented in [20], and their dynamics on S? were studied in [21].



Since the equations of motion for a string on R x CP? are also classically integrable, these
techniques can be employed here as well. In this paper we demonstrate the application of
the dressing method for SU(4)/S(U(3) x U(1)) coset model (due to Harnad et. al. [22]) to
the problem of constructing CP? giant magnon solutions.

An important feature of the dressing method, which has been exploited for example
in [16-18, 20], is that repeated application can be used to generate explicit classical string
solutions describing the scattering of any number of giant magnons (or, when applicable,
bound states thereof). In complex sigma models each application of the dressing method
introduces two new non-trivial parameters into the solution, which in familiar cases [16, 17]
specify the magnon’s momentum p and the value of a second SO(6) charge Jo which it
carries in addition to the charge J carried by the ground state in an orthogonal plane. Such
dressed solutions are therefore dyonic giant magnons of the type introduced by Dorey [10].
However in the present application of the dressing method we find something of a surprise
— the dressed solution given below in (4.6) indeed has two parameters, but it carries only
a single SO(6) charge J, having Jo = 0. The dressing method apparently finds a one-
parameter family of solutions for any fixed value of the charges p and J, but no dyonic
magnons. We do not present any multi-magnon solutions here, but the algebra involved is
no more complicated than for the solutions studied in [17, 20].

Note added. The results in this note were obtained some time ago but were delayed due
to the disappointment of not being able to find more general (two-charge) solutions. We
were motivated to publish our results by the recent appearance of [14] which includes, in
addition to a formula (7.15) for the new CP? magnon that is identical to our solution (4.6),
a very thorough analysis demonstrating that the dressing method by itself cannot produce
any such “dyonic” solutions. This conclusion has also been reached in [23]. Elementary
dyonic giant magnon solutions on CP? have finally been obtained in [24] for a special value
of p and in [25] generally. The solution (4.6) below is evidently a neutral composite of two
such elementary magnons [25].

2 The CP? model

The CP? model may be described by a complex four-component vector n with
lagrangian density

WL = — nt -9+ (nt-9,m)(0nt - n) — A(n"-n — 1) (2.1)

where A\ = N/k is the 't Hooft coupling. The Lagrange multiplier constrains the fields to
lie on S7 € C*, while the local U(1) invariance of (2.1) allows us to identify n ~ eA@)p,
thereby reducing the configuration space to S7/U(1) = CP3. The action possesses an SU(4)
symmetry with Noether currents

Jy = 2V2XIm[(n' - T90,n) — (n' - Tn)(n' - 9,n)], (2.2)

where T* are generators of SU(4). The equations of motion (after eliminating the Lagrange
multiplier) are

— n+ (n'- 3*n)n +2(n' - 9n)0n + 2(9,n' - n)(n' - n)n = 0. (2.3)



To describe classical strings on R x CP3 (with a trivial time coordinate), the equations of

motion must be supplemented with the Virasoro constraints

1
(@4nT-0yn) — (n' - 0,n) (040" - n) = 7
1
(O_n'-0_n) — (n'-0_n)(0_n"-n) = 7 (2.4)
where we have used light-cone coordinates z, = 3(z—t), x_ = (2 +t) and the derivatives

are with respect to those coordinates, 9y = 9, — 0, 0_ = 0, + 0O;.

Several classes of solutions to the equation of motion (2.3) and the Virasoro con-
straints (2.4) may be obtained by embedding known giant magnon solutions that live on
S?% or §3 into CP? (an extensive discussion of these embeddings has been given in [13]). As
a first example, let (X7, X2, X3) be coordinates satisfying X7 + X3 + X3 = 1. An isometric
embedding S? — CP? is given by

1
nT:7<X1+z’X2 1-X; 0 0). (2.5)
0 %)

In this manner any solution X* = (X1, X», X3) of string theory on R x §2
—PX' (X -0*PX)X' =0,
04X 0. X =0_-X-0_-X =1, (2.6)

lifts to a solution of (2.3) and (2.4). In general it may be necessary to rescale the worldsheet
coordinates x,t in order to satisfy (2.4) with the normalization shown. Such a rescaling
does not affect the equations of motion (2.3). Similarly we can consider what has been
called the “S? x S?” embedding in the literature. This is given by the map
AT _ ﬁ <X1 FiXy 1-X3 Xi4iX, 1- X3> (2.7)
whose image inside CP? is actually [13] just a single S? partially rotated into two orthogonal
directions compared to (2.5).
In the case of magnons living on S? we can parameterize the unit 3-sphere with embed-
ding coordinates X = (X1, X2, X3, X4). Given any such solution X describing a classical
string on R x S there are two possible natural embeddings into a solution of the CP3

equations, given alternately by
nT = (X1 Xy X3 X4> (2.8)

or
1
nl— (X1 +iXy X3+iXy X1—iXe X3— z’X4> : (2.9)

V2
whose images are both RP? ¢ CP? [13].
To provide a concrete example we remind the reader of the solution describing Dorey’s
dyonic magnon [10] on S?,
X' +iX? = e"?(cos £ +isin L tanh ¥),

X3 4iX?t = /2 sin § sech 4, (2.10)



where

u=1i(Z(M) = Z(\)),  v=2Z\)+Z(\) —t (2.11)
in terms of . .
ZQy:Aj1+A;r (2.12)

The resulting CP? solution involves putting two conjugate (and hence, oppositely
charged) dyonic giant magnons together. The scaling of the world sheet coordinates (x,t)
by 1/2 compared to [10] leaves the equation of motion (2.3) intact but is necessary in order
to preserve the normalization of the Virasoro constraints (2.4). In the above we have used
the parameterization \; = re’?/2 of the spectral parameter, where p is the momentum of
the magnon and 7 is related to its charge. In the limit » — 1 we recover the “S? x S2”
solution presented in [12].

More generally we can take any known giant magnon solution on S* (such as the
general N-magnon solution found in [20]) and embed it into the CP3 model, thus obtaining
a new classical string solution moving on R x CP3 (again, it may be necessary to also scale
the worldsheet coordinates to preserve the normalization given in (2.4)). Besides these
‘trivial’ solutions reviewed here, the CP? model admits more general solutions that can be
obtained via the dressing method, to which we now turn our attention.

3 The dressing method for the CP3 coset

In order to apply the dressing method as outlined in [22] we first embed the CP? vector
field n into an SU(4) principal chiral field g. This may be done by noting that

+1 0 0 0
CP? = {g € SU(4) : gQg¢Q = 1}, with Q = 8 ) (3.1)

In order to understand this embedding, first observe that if g satisfies gfg = 1 and gQgQ = 1

then the matrix 1+ Qg

2
is a hermitian projection operator. Since det g = 1 it follows that det(2P — 1) = —1 so the

P:

(3.2)

rank of P must be either 1 or 3. In fact we can without loss of generality take P to have
rank 1 since otherwise we could just replace P — 1 — P throughout this analysis. Then we
identify the vector n as the (unit-normalized) image of P.

Conversely, given a unit vector n we take

g=Q2P—-1)  with P =nnl, (3.3)

which is easily seen to satisfy gQ¢Q2 =1 and g € SU(4).
Under this embedding, the lagrangian (2.1) becomes proportional to

£="Trlg9.9)") (3.4)



the equation of motion (2.3) becomes equivalent to the principal chiral model equation

1 _ _
0:0-9 = 501997 0-g+0-gg~'0:9) =0, (3.5)
while the Virasoro constraints (2.4) map into
Tr[(g'0+9)"] = -2, Trlly '0-9)’| = -2 (3.6)

Next we recall Theorem 4.2 of [22]. Given any solution g of the SU(4) principal chiral
model which satisfies g2g€2 = 1, we first solve the auxiliary system

drgg W d_gg v
U=—— = .
O 0 14+ A (37)
to find U(A) as a function of the auxiliary complex parameter ), subject to the initial
condition
w(0) = g, (3.8)
the SU(4) constraints
det w(0) =1,  [TN)]w0) =1, (3.9)
as well as the coset constraint
U(AN) =T (0)Q¥(1/M)Q. (3.10)

With ¥()\) in hand a new dressed solution to the coset model may be constructed
algebraically. The input to specify a new solution is an arbitrary complex parameter \;
and an arbitrary complex four-vector e. In terms of this data the dressed solution is
g = ¥'(0) where
Q1 Q2

V(A =1 (A 3.11
(=1 525 | YO (3.11)
in terms of two matrices Q; = XiFZ-T specified by
Fy = U(\)e, Fy = U (0)QU(\)e (3.12)
and the X; are the solutions to
F|Fy FFy
Xi———+Xo—2— = F,
A — M\ /A — M
F|F FIF
X —12 X, 272 . (3.13)

DY VRV VST
4 Giant magnon solutions on CP?

In order to obtain new giant magnon solutions on CP? via the dressing method described
in the previous paragraph we first choose as the vacuum

nT:<cos(t/2) sin(t/2) 0 0). (4.1)



(a perhaps more obvious, but less useful, choice will be considered below). The scaling
of the worldsheet time coordinate by 2 is necessary if we want our vacuum to satisfy the
Virasoro constraints (2.4). Then the solution to the auxiliary system (3.7) that satisfies
the initial condition and constraints is

cosZ(A) sinZ(A) 0 O
WO\ = —sinZ(\) cosZ(A) 0 0 ’ (4.2)

0 0 1 0

0 0 0 1

where
Ty €T _—

Z(\) = . 4.3
N =17+ 311 (43)

Choosing (arbitrarily) the polarization vector

T:(1 0 i 0). (4.4)

we find the solution

specified by

=+2(1 - )\2)5\1 cos(t/2) + (1 — [M1*) (A1 cos(t/2 — iu) + A cos(t/2 + iu))
+(A1 = Ar)(cos(t/2 = v) + [A1* cos(t/2 +v)),
n? = —2(1 — )\2)5\1 sin(t/2) — (1 — [A*) (Mg sin(t/2 + du) + Ay sin(t/2 — iu))
(O = M)(sin(t/2 — 0) + [ sin(t/2 + 0)),

n3 = —2i(A; — A)(1 — |A1]?) cosh(u/2 + iv/2),

nt = 0. (4.6)

In the above the normalization factor R is given by

4
=> an' (4.7)
i=1

and

u=1i(Z(\)—Z(\)), v=ZA\)+Z(\)—t. (4.8)

The solution (4.6) is identical to the one presented recently in [14] (including, coinci-
dentally, an almost identical choice of polarization vector (4.4)).

Upon parameterizing A\; = re’?/? and evaluating the Noether charges using (2.2) we
find that the solution (4.5) carries only a single nonzero charge J satisfying the dispersion

relation (adapted to the conventions used in [24])

1 1+ r2 . D
A= =2VA— ‘smg‘. (4.9)

As usual for giant magnons, the charge J is itself infinite but the excitation energy A —.J of
the magnon above the ground state (a pointlike string moving at the speed of light) is finite.



Remarkably the formula (4.9) is identical to the corresponding one for Dorey’s dyonic giant
magnon [10], but the solution (4.6) apparently carries only a single macroscopic charge and
is hence not “dyonic” at all. The solution does reduce to the original Hofman-Maldacena
magnon [9] with momentum p when the parameter r, whose physical interpretation at this
point is mysterious, is taken to 1.

A second possible choice of vacuum is

nT:%(eit 10 0), (4.10)

which differs from (4.1) by an SU(4) rotation which, importantly, does not commute with
Q. In this case the solution to the linear system (3.7) is

VXeTiZ) etz 0 0
1 _—iZ(\) —iZ(\)
TN = —— | € VAe 0 0 (4.11)
VIFA 0 0 VIFX 0
0 0 0 VI+A
If we choose as polarization vector
e"=(1 i 0 0) (4.12)

we find the solution

n' = +Zt/2 ( )\1 ’)\1’2 wo_ ()\1 — 5\1)671’1} — i(l — ‘)\1’2))\161‘ — i(l — ‘)\1’2)5\167U) ,
n? = _Zt/Q ( )\1 |)\1|2 ()\1 — 5\1)6“} + ’L(l — |)\1|2))\1€_u + Z(l — |)\1|2)5\16u) s
n® =nt=0, (4.13)

in terms v and v as before in (4.8). (This solution must of course also be normalized to
unit length as in (4.5).) Remarkably this solution is identical to the bound state of two
Hofman-Maldacena magnons on S? found in (5.14) of [16], embedded into CP? via (2.5).
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